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1. Introduction
By a G-space we mean a topological space X together with a ﬁxed continuous action (g, x) → gx of a topological group G
on X .
In this paper we are mostly interested in free G-spaces, where the acting group G is compact Lie. Recall that a G-space
X is free if for every x ∈ X the equality gx = x implies g = e, the unity of G . A G-space U is called universal for a given
class of G-spaces G–P if U ∈ G–P and U contains as a G-subspace a G-homeomorphic copy of any G-space X from the
class G–P .
In [2] it is proved that if G is a compact Lie group then there exists a locally compact, noncompact free G-space which
is universal in the class of all Tychonoff free G-spaces.
On the other hand, in [1] it was established that for any integer n  0, inﬁnite cardinal number τ , and a compact Lie
group G with dimG  n, there exists a compact free G-space Fnτ which is universal in the class of all paracompact free
G-spaces X of weight w X  τ and dimension dim X  n. As is shown in Example 3.9, this result is no longer true without
the ﬁnite dimensionality restriction (we stress the compactness of the universal free G-space Fnτ in this setting).
In this connection it is natural to ask the following two questions:
Question 1. Does there exist a universal free G-space in the class of all paracompact (respectively, metrizable) free G-spaces
of a given inﬁnite weight τ?
E-mail address: nantonya@itesm.mx.0166-8641/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2009.03.055
N. Antonyan / Topology and its Applications 157 (2010) 1296–1301 1297Question 2. Does there exist a universal free G-space in the class of all compact free G-spaces of a given inﬁnite weight τ?
The purpose of this paper is to answer (in the positive) Question 1 while Question 2 still remains open.
2. Preliminaries
Throughout the paper all topological spaces and topological groups are assumed to be Tychonoff (= completely regular
and Hausdorff). All equivariant or G-maps are assumed to be continuous.
The letter “G” will always denote a compact Lie group. By e we always will denote the unity of the group G .
The basic ideas and facts of the theory of G-spaces or topological transformation groups can be found in G. Bredon [3]
and R. Palais [8].
For the convenience of the reader we recall, however, some more special deﬁnitions and facts below.
By an action of the group G on a space X we mean a continuous map (g, x) → gx of the product G × X into X such
that (gh)x = g(hx) and ex = x whenever x ∈ X and g , h ∈ G . A space X together with a ﬁxed action of the group G is called
a G-space.
A continuous map f : X → Y of G-spaces is called an equivariant map or, for short, a G-map, if f (gx) = g f (x) for
every x ∈ X and g ∈ G . If G acts trivially on Y then we use the term “invariant map” instead of “equivariant map”. By a
G-embedding we shall mean a topological embedding X ↪→ Y which is a G-map.
A G-space X is called free if for every x ∈ X the equality gx = x implies g = e.
For a subset S ⊂ X and a subgroup H ⊂ G , H(S) denotes the H-saturation of S , i.e., H(S) = {hs | h ∈ H, s ∈ S}. In
particular G(x) denotes the G-orbit {gx ∈ X |g ∈ G} of x. If H(S) = S then S is said to be an H-invariant set, or simply, an
H-set. The set X/G of all G-orbits endowed with the quotient topology is called the G-orbit space. Often we shall use the
term “invariant set” for a “G-invariant set”.
In the sequel we will consider the acting group G itself as a G space endowed with the action induced by left transla-
tions.
If X and Y are G-spaces then X × Y will always be regarded as a G-space equipped by the diagonal action of G . If one
of the G-spaces X and Y is free then, clearly, so is their product X × Y .
Let us recall also the well-known and important deﬁnition of a local cross-section:
Deﬁnition 2.1. A subset S of a G-space X is called a local cross-section in X , if:
(1) the saturation G(S) is open in X ,
(2) if g ∈ G \ {e} then gS ∩ S = ∅,
(3) S is closed in G(S).
The saturation G(S) will be said to be a tubular set. If in addition G(S) = X then we say that S is a global cross-section
of X .
One of the basic results of the theory of topological transformation groups is the following result of A.M. Gleason [5,
Theorem 3.3] about the existence of local cross-sections.
Theorem 2.2. Let G be a compact Lie group, X a free G-space and x ∈ X a point. Then there exists a local cross-section S in X such
that x ∈ S.
This result was further generalized to one of the most important results of the theory of transformation groups known
as the Slice Theorem (see e.g., [8, Theorem 1.7.18] or [3, Ch. II, Theorem 5.4]).
An important consequence of the local cross-section theorem is the following:
Lemma 2.3. Let G be a compact Lie group, X a free G-space. Then the orbit projection p : X → X/G is a locally trivial ﬁbration.
Before proceeding with the proof of the lemma we recall that a locally trivial ﬁbration here means that every point
p(x) ∈ X/G admits a neighborhood U such that the inverse image p−1(U ) is G-equivalent to G × U , i.e., there exists a
G-homeomorphism f : p−1(U ) → G × U such that the following diagram commutes:
p−1(U ) f
p
G × U
πU
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also that p is trivial over U .
An open cover {Ui}i∈I of the orbit space X/G is called a trivializing cover for the orbit map p : X → X/G , if p is trivial
over each Ui .
Proof of Lemma 2.3. For every point x ∈ X we choose, by Theorem 2.2, a local cross-section S ⊂ X such that x ∈ S . Then the
saturation G(S) is an open G-subset of X , and hence, the set U = p(S) = p(G(S)) is a neighborhood of p(x) in X/G . First
we observe that the restriction p|S : S → U is a homeomorphism. Indeed, it follows from condition (2) of Deﬁnition 2.1 that
p|S is bijective. Due to compactness of G , the action G × G(S) → G(S) is a closed map (see [3, Ch. I, Theorem 1.2]). Since,
by condition (3) of Deﬁnition 2.1, S is closed in G(S), it then follows that the map ϕ : G × S → G(S), ϕ(g, s) = gs, is also
closed. In fact, ϕ is a homeomorphism because it is also bijective (this follows from condition (2) of Deﬁnition 2.1). This
yields quickly that p|S is a continuous closed map, and hence, a homeomorphism.
Next we deﬁne the map f : G(S) = p−1(U ) → G × U as follows. Since S is a global cross-section for G(S), each point
x ∈ G(S) has a unique representation of the form x = gs with g ∈ G and s ∈ S . Then setting f (gs) = (g, p(s)) we get a well-
deﬁned map f : p−1(U ) → G × U . In fact, f a homeomorphism because it is the composition of two homeomorphisms:
f = ϕ−1 ◦ (IdG × p|S ), where IdG stands for the identity map of G . It is clear that f is equivariant and it makes the above
diagram commutative. This completes the proof. 
Recall that the cone con X over a compact metric space X is the quotient set [0,1] × X/{0} × X equipped with the
quotient topology. This topology is metrizable too (see [6, Ch. VI, Lemma 1.1]). The image of the point (t, x) ∈ [0,1] × X
under the canonical projection f : [0,1] × X → con X will be denoted by tx, and we will simply write θ (think of zero)
instead of 0x; this is the vertex of the cone. It is convenient to call the number t in tx the norm of tx and denote it by ‖tx‖.
If X1, X2, . . . , are compact metric spaces, the join X1 ∗ X2 ∗ · · · is deﬁned to be the subset of the product con X1 ×
con X2 × · · · consisting of all those points (t1x1, t2x2, . . .) for which only a ﬁnite number of ti = 0 and ∑∞i=1 ti = 1.
Below we shall consider the case when X1 = X2 = · · · = G , the group G acting on itself by left translations. In this case
G acts coordinate-wise on the inﬁnite join
J∞(G) = G ∗ G ∗ · · ·
by left translations, and it is easy to verify that J∞(G) becomes a free G-space. Analogously can be deﬁned the k-fold join
Jk(G) = G ∗ G ∗ · · · ∗ G︸ ︷︷ ︸
k times
for any positive integer k.
As usual we shall denote by I the unit interval [0,1]. Respectively, we denote by Iτ the Tychonoff cube of a given inﬁnite
weight τ .
In what follows we shall consider the product Jk(G)× Iτ , k = 1,2, . . . ,∞, as a G-space endowed with the action deﬁned
by g ∗ (x, t) = (gx, t), where G ∈ G and (x, t) ∈ Jk(G) × Iτ .
3. Universal free G-spaces
Recall that a G-space U is called universal for a given class of G-spaces G–P if U ∈ G–P and U contains as a G-subspace
a G-homeomorphic copy of any G-space X from the class G–P .
In this section we shall prove the following two main results:
Theorem 3.1. For every inﬁnite cardinal number τ , the free G-space J∞(G) × Iτ is universal in the class of all paracompact free
G-spaces of weight τ .
Before formulating our next main result we need to recall the deﬁnition of the metric hedgehog space H(τ ), where τ is
an inﬁnite cardinal number.
Let S be a discrete metric space of cardinality τ . Let H(τ ) be the cone over S . One deﬁnes a metric d on H(τ ) by the
following formula:
d(t1s1, t2s2) =
{
|t1 − t2| if s1 = s2,
t1 + t2 if s1 = s2,
for any two points t1s1 and t2s2 of H(τ ).
The metric space (H(τ ),d) has the weight τ and is known as the hedgehog space of spininess τ (see [4, Example 4.1.5]).
Theorem 3.2. Let τ be an inﬁnite cardinal number and H(τ ) the metric hedgehog space of spininess τ . Then the free G-space J∞(G)×
H(τ )ℵ0 is universal in the class of all metrizable free G-spaces of weight τ .
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Lemma 3.3. The orbit space of every paracompact G-space is paracompact.
Proof. Let X be a paracompact G-space. Since the orbit projection p : X → X/G is a closed map (see [3, Ch. I, Theorem 3.1]),
X/G is paracompact due to Michael’s theorem about the invariance of paracompactness under closed maps (see e.g., [4,
Theorem 5.1.33]). 
Lemma 3.4. Assume that X is a paracompact free G-space and {Ui}i∈I is a trivializing cover for the orbit map p : X → X/G. Then
there exists an equivariant map X → Jk(G) into the join Jk(G), where k = |I| is the cardinality of I .
Proof. For every Ui , the inverse image p−1(Ui) is equivariantly homeomorphic to the product G × Ui , where the group G
acts on itself by left translations and trivially on Ui .
Further, for each i ∈ I , the ﬁrst projection of the product p−1(Ui) = G × Ui is an equivariant map ϕi : p−1(Ui) → G .
By Lemma 3.3, X/G is paracompact, and hence, there exists a locally ﬁnite partition of unity {λi : X/G → [0,1]}, subor-
dinated to {Ui}i∈I , i.e., λ−1i ((0,1]) ⊂ Ui for every i ∈ I .
Now we deﬁne a map f i : X → conG by the formula:
f i(x) =
{
θ if x /∈ p−1(Ui),
λi(p(x))ϕi(x) if x ∈ p−1(Ui).
It is clear that f i is an equivariant map. We consider the diagonal product
f = 
i∈I
f i : X → (conG)k, f (x) =
{
f i(x)
}
i∈I .
Then f is an equivariant map. Since {λi}i∈I is a partition of unity we conclude that ∑i∈I ‖ f i(x)‖ = 1 for all x ∈ X . Hence
f (x) belongs, in fact, to the k-fold join Jk(G). This competes the proof. 
Proposition 3.5. Let X be a paracompact free G-space. Then the orbit space X/G admits a countable trivializing cover for the orbit
map p : X → X/G.
Proof. Let {Ui}i∈I be an open cover of X/G such that the orbit map p : X → X/G is trivial over each Ui .
By Lemma 3.3, X/G is paracompact, and hence, there exists a locally ﬁnite partition of unity {λi : X/G → I}i∈I such that
λ−1i (0,1] ⊂ Ui for all i ∈ I .
For each z ∈ X/G we denote by F (z) the ﬁnite set of all the indices i ∈ I with λi(z) > 0. Further, for each ﬁnite subset
F ⊂ I we denote by V (F ) the open subset of X/G consisting of all those z ∈ X/G for which λi(z) > λ j(z) whenever i ∈ F
and j ∈ I \ F .
Let us check that the sets V (F ) cover X/G . Indeed, for a point z ∈ X/G , let F be the ﬁnite set all the indices i ∈ I such
that λi(z) > 0. Then evidently, z ∈ V (F ) as required.
Let |F | denote the cardinality of the set F . If F and F ′ are two different ﬁnite subsets of I with the same cardinality
|F | = |F ′|, then we claim that V (F )∩ V (F ′) = ∅. Indeed, let i ∈ F \ F ′ and j ∈ F ′ \ F . For z ∈ V (F ) we have λi(z) > λ j(z), and
for z ∈ V (F ′) we have λ j(z) > λi(z). But these two relations cannot hold simultaneously, proving that V (F ) ∩ V (F ′) = ∅.
Next, we denote
Vm =
⋃
m=|F |
V (F ).
Then {Vm}∞m=1 is a countable open cover of X/G . Observe also that the orbit map p is trivial over Vm because it is trivial
over each V (F ), and Vm is a disjoint union of V (F )’s. 
According to Proposition 3.5, for every paracompact free G-spaces X , the orbit map X → X/G admits a countable trivi-
alizing cover. Hence, Lemma 3.4 implies the following:
Corollary 3.6. Every paracompact free G-space X admits an equivariant map X → J∞(G).
We shall need also the following result:
Lemma 3.7. Let f : X → M be a G-map between free G-spaces and let p : X → X/G be the orbit map. Then the diagonal map
ϕ : X → M × (X/G), ϕ(x) = ( f (x), p(x)), is an equivariant closed embedding.
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Hence, the points x1 and x2 belong to the same orbit, and therefore x2 = gx1 for some g ∈ G . Then f (x1) = f (x2) = f (gx1) =
g f (x1). Since Y is a free G-space this yields that g = e, and hence x2 = ex1 = x1.
That ϕ is equivariant follows from the equivariance of f and the invariance of p.
Since p is a perfect (or proper) map [3, Ch. I, Theorem 3.1], one can apply [4, Theorem 3.7.9] according to which the
diagonal product ϕ = f  p is also a perfect map. In particular, ϕ is a closed continuous map. Hence, ϕ is an equivariant
closed homeomorphic embedding, as required. 
Proof of Theorem 3.1. Let X be a paracompact free G-space of weight w X  τ . By Corollary 3.6, there exists an equivariant
map f : X → J∞(G). By Lemma 3.7, this yields an equivariant closed embbeding
X ↪→ J∞(G) × (X/G). (3.1)
Since the orbit projection p : X → X/G is closed, we see that the orbit space X/G is also paracompact (see [4, Theo-
rem 5.1.33]). On the other hand, due to openness of p, one has w(X/G)w(X) τ (see e.g., [4, Theorem 1.4.16]). Hence,
the orbit space X/G can be embedded in the Tychonoff cube Iτ . Together with (3.1), this yields the desired equivariant
embedding
X ↪→ J∞(G) × Iτ .
This completes the proof. 
Corollary 3.8. J∞(G) × Iℵ0 is universal in the class of all separable metrizable free G-spaces.
The following example shows that in Theorem 3.1 one cannot achieve compactness of the universal free G-space in
question:
Example 3.9. For the cyclic group G = Z2 there is no compact free G-space containing a G-homeomorphic copy of every
paracompact (even metrizable) free G-space.
Assume the contrary is true, and let B be a compact universal free G-space that contains as a G-subspace a G-
homeomorphic copy of every metrizable free G-space.
Let the cyclic group G = Z2 = {−1,1} act by the scalar multiplication on the unit sphere S = {x ∈ l2 | ‖x‖ = 1} of the real
separable Hilbert space. Assume that ψ : S ↪→ B is a G-embedding. By compactness of B the orbit map B → B/G admits
a ﬁnite trivializing cover. Hence, Lemma 3.4 implies the existence of a G-map ϕ : B → Jk(G) in the k-fold join for some
natural number k. Since G = Z2, we see that Jk(G) is G-homeomorphic to the sphere Sk−1 endowed with the antipodal
action of G . Thus, the composition f = ϕψ is a G-map from S into the sphere Sk−1. Choose n > k− 1. Then the embedding
i : Sn ↪→ S deﬁned by
i(x1, . . . , xn+1) = (x1, . . . , xn+1,0,0, . . .)
is a G-map, where the sphere Sn is equipped with the antipodal action. Thus, the composition f i : Sn → Sk−1 is an antipodal
map, contradicting the classical Borsuk–Ulam Theorem (see e.g., [9, Ch. 5, §8, Corollary 8]).
Proof of Theorem 3.2. Let X be a metrizable free G-space of weight w X  τ . By Corollary 3.6 there exists an equivariant
map f : X → J∞(G). By Lemma 3.7, this yields the equivariant closed embedding (3.1) above.
According to [8, Proposition 1.1.12], the orbit space X/G is metrizable and, as we have seen in the proof of Theorem 3.1,
w(X/G)  w(X)  τ . Hence X/G can be embedded in H(τ )ℵ0 , where H(τ ) is the metric hedgehog space of spininess τ
(see [4, Theorem 4.4.9]). Together with (3.1) this yields the desired equivariant embedding
X ↪→ J∞(G) × H(τ )ℵ0 .
This completes the proof. 
In conclusion we go back to Corollary 3.6 in order to answer the following related question: when a free G-space admits
an equivariant map in a ﬁnite join Jk(G)?
Recall that a G-compactiﬁcation of a Tychonoff G-space X is a compact Hausdorff G-space Y that contains as a G-
subspace a dense G-homeomorphic copy of X .
In 1960 R. Palais [8, §1.5] proved that if G is a compact Lie group then every G-space X admits a G-compactiﬁcation.
This result was further extended to arbitrary locally compact group actions by de Vries [10]. M. Megrelishvili [7] has shown
that the local compactness of the acting group is essential in this de Vries’ result.
Proposition 3.10. A free G-space X admits an equivariant map X → Jk(G), where k is a natural number, if and only if it has a free
G-compactiﬁcation.
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B → B/G admits a ﬁnite trivializing cover. Hence, Lemma 3.4 implies the existence of an equivariant map f : B → Jk(G),
where k is a natural number. Then the restriction f |X : X → Jk(G) is the desired G-map.
Conversely, assume that there exists a G-map f : X → Jk(G), where k is a natural number. By Lemma 3.7, this yields an
equivariant closed embbeding
X ↪→ Jk(G) × (X/G). (3.2)
Being completely regular and Hausdorff, the orbit space X/G can be embedded in the Tychonoff cube Iτ . Together
with (3.2), this yields an equivariant embedding
X ↪→ Jk(G) × Iτ .
Since Jk(G)× Iτ is a compact free G-space, the closure of X in Jk(G)× Iτ is the desired free G-compactiﬁcation of X . 
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